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Problem Statement

® Stochastic Rank-1 Bandits

The problem of finding the maximum entry of a rank-1 matrix from noisy and
adaptively-chosen observations

Motivation: a position-based click model

a model of people clicking on a list of K items out of L positions
item - attraction, each position - examination: i.1.d. Bernoulli r.v.s
The item is clicked only if it is attractive and its position is examined

the pair of item and position that maximizes the probabillity of clicking is the
maximum entry of a rank-1 matrix (outer product)

® (GGraphical Models Meet Bandits: A Variational Thompson Sampling Approach

* influence diagram bandit framework -> rank-1 bandit

 Thompson sampling approach with mean-field variational inference



Problem Statement

Algorithm 1 idTSvi: Influence diagram TS with varia-
tional inference.

1: Input: ¢ > 0
2: Randomly initialize ¢
3: fort=1,..., n do

b

M

4:  Sample 6; proportionally to q(6;)

5. Take action a; = argmax, 4« r(a,6;)

6: Observes x; and receive reward 7(x¢, 2¢)

7:  Randomly initialize q

8:  Calculate £(q) using (3) and set £L'(q) = —o0
9: while L(q) — L'(q) > edo
10: Set £'(q) = L(q)
11: for/=1,..., t do
12: Update q¢(z¢) using (4), for all z, =
13: end for
14: Update () using (5) /A
15: Update £(q) using (3) meoxcrmize
16:  end while
17: end for

Problems
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o |dTSvi: E-, M-steps alternated until convergence, guaranteed

* this approach is computationally expensive

e |dTSInc: an incremental variant of the algorithm in order to reduce the
computational complexity



Problem Statement
Extend existing Thompson sampling approach to the rank-1 bandit setting

Expectation Propagation (EP) to approximate the true posterior
 Regret lower bound is already optimal, want to achieve the same

* |f our approach is computationally more efficient

a finite time 1T

a total number of actions A

..........

action a is associated with 0,
replace decision nodes A, A, with Bernoulli r.v.s: 4, i,

keep Z,, Z,, X the same



Approach
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Approach
iInstantaneous reward at round ¢

r(a,0) =r(X',Z,Z}|a,0) = X'
instantaneous regret at round ¢
R(t|a, ) = r(a*, 0:) — r(a’, 0;)

where a* = argmax ., r(a, 0:), unique; 0. is the true model parameter that
IS unknown to the learning agent

cumulative regret
T

T
R(T) = Z R(t|a,0) = 2 ( r(a*, 0,) — r(a’, 6. )
=1

=1



Approach

convert directed PGM into pairwise MRF with nodes 7" and edges &

reduce the set of y; , ,,,a € A into u,, 4, for simplicity

target joint

p(y) = H W (Vs> Vo)

S1IEE

where y; (y,, y,) is the compatibility potential function between nodes y, and
y,, and the true posterior p(y; ) « p(y)



Approach
choose our approximating distribution g(y; 0) to be fully factorized

q(v:0) = [ | 4,070

N=v/Z

where ¢g,(y,) is the approximating marginal

q,0) « | | m_,0)

tel’(s)
where I () is the set of nodes neighboring s

fully factorized g(y; €) implies that the exponential approx. m (y,, y,) to the
compatibility potentials y; (y,, y,) also have a factorized form

ms,z(ysa yt) — msét(yt) ' mt—m(ys)



Approach
we show updates for marginal g(z;), g(¢;)

same procedure applies to all

all updates are for current time £, thus omit the superscript ¢ for clarity
shorten m._, (y,) to m(y,) for simplicity
Step 1: choose message m, ,(z;, 2,) to refine. Remove its effects from current g(y; 0) by

q,(z1) m, (z))m_ (2;)

QI\2(ZI) > mZz(Zl) R mzz(21) B mﬂl(zo
(2,) 9(%) _M_m (2,)
@ m@

where mﬂl(zl) x Ber(z; | ﬂﬂl) and mﬂz(zz) x Ber(z, | ﬂﬂz)



Approach

Step 2: derive the local approximation to true posterior

define the local approximation to true joint
P(2y, ) X mﬂl(ZOmﬂz(Zz)l/ﬁ,z(Zl» 2)

x Ber(z; | 7, )Ber(z, | m,)Ber(x | 7, - 2)
obtain the marginal of z;

p(zy) = Z P(zy, %) = Ber(zy |z, )(1 — m, )Ber(x, |0) + Ber(z, |z, )z, Ber(x;|z;)

%)

derive the local approximation to true posterior
ﬂ//tlﬂ,uz[l(zl —_ 1), lf x1 — 1

pP(zy X)) ”ﬂl(l — 77,42)”(21 = 1)

1 x;, =0
(1= 7,0z =0z =0)



Approach
» Step 3: update approximating marginal g;""(z;)

* this is equivalent to minimize the KL-divergence between the local approximation to true
marginal p and the approximating distribution g

q"" = argmin KL(p||q)
q

°* |Nn OUur case

: q,(z;) < Ber(z, \7[1) = p(zy ‘x1)

» derive the parameter 7" update

1
.”{lew — 5p [Zl] — Zzl Py |x) =0-plz; =0]x) +1-p(z; = 1]x) =p(z; = 1]x))

Z1=O

ifx, =1, 7" «xn,nl(zg=1)=1;

u
it x; =0, 77" « m, (1 =z )l(zp=1).



Approach
- Step 4: refine message m, ,(z;, 2,) by

€W)

new a1 (@) qi7(z)  Ber(z|my

mI(z)) & ———= o ———- & —————  Ber(z; | ——)
ql\z(Zl) m, 1(Zl) Ber(z | ﬂﬂl) M,
M(z) gy (zp)  Ber(zy| 1) o

. m(2y) o @ ) D )  PRLlm ) Ber(z,| ——)
42\1(22) mﬂz(zz) Ber (ZZ ‘ ﬂ//tz) Ty,

« Step 5: refine finished, update approximating posterior g(y; @) using the

equation defined earlier g(y; ) = H q.(y,)
SEY



Approach
Update for g"“" (1)

q""(pu;) = argmin KL(p(py) || q(uy))

q
where the local approximation to marginal of y;
p(uy) o Zﬁ(Zf,M)
2]
r ./ [ ./
7139 ' R : ,
x (1 : -)Beta(p, |ay, py + 1) + — -Beta(u, |a; + 1,p})
aj + pi aj + pi

approx. p(¢;) by moment matching of Beta distribution's sufficient statistics

s [log(u)| = w(a) —wia) + p)
s [log(1 — py)| = w(B) — wia) + )

where y( - ) is the digamma function

() = Llogh() = —2
7  dx e = ['(x)




Approach
e Newton’s method to solve for the root

 L-BFGS algorithm

* which is in the family of quasi-Newton methods that finds a local minimum
of an objective function

» Update for a; ", p;°"

1 2 ] 2
ol " = arg min [5 € [logu)] - wia)) +wiai + )|+ |E; [log(l = u)] = yiB)) + wiai + )| ]



pdf

Preliminary result

pdf of each action vs. probability value u
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Preliminary result

reward over time t, T=100
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